Let m > 1 be an integer, and let I(Z m )
Introduction
Let R be a commutative ring, and I(R) * be the set of all non-zero proper ideals of R.
There are many papers on assigning a graph to a ring R, for instance see [1] , [2] , [5] and [6] . Also the intersection graphs of some algebraic structures such as groups, rings and modules have been studied by several authors, see [3, 9, 10] . In [9] , the intersection graph of ideals of R, denoted by G(R), was introduced as the graph with vertices I(R) * and for distinct I, J ∈ I(R) * , the vertices I and J are adjacent if and only if I ∩ J = 0. Also in [3] , the intersection graph of submodules of an R-module M , denoted by G(M ), is defined to be the graph whose vertices are the non-zero proper submodules of M and two distinct vertices are adjacent if and only if they have non-zero intersection. Let n, m > 1 be integers and Z n be a Z m -module. In this paper, we associate a graph to Z m , in which the vertex set is being the set of all non-zero proper ideals of Z m , and two distinct vertices I and J are adjacent if and only if IZ n ∩ JZ n = 0. We denote this graph by G n (Z m ).
Clearly, if n = m, then G n (Z m ) is exactly the same as the intersection graph of ideals of Z m . This implies that G n (Z m ) is a generalization of G(Z m ). As usual, Z m denotes the integers modulo m.
Now, we recall some definitions and notations on graphs. Let G be a graph with the vertex set V (G) and the edge set E(G). Then we say the order of G is |V (G)| and the size of G is |E(G)|. Suppose that x, y ∈ V (G). If x and y are adjacent, then we write x -y. We denote by deg(x) the degree of a vertex x in G. Also, we denote the maximum degree of G by ∆(G). We recall that a path between x and y is a sequence x = v 0 - . We use n-cycle to denote the cycle with n vertices, where n ≥ 3. Also, we denote the complete graph on n vertices by K n . A null graph is a graph containing no edges. We use K n to denote the null graph of order n. The disjoint union of two vertex-disjoint graphs G 1 and G 2 , which is denoted by
An independent set is a subset of the vertices of a graph such that no vertices are adjacent.
The number of vertices in a maximum independent set of G is called the independence number of G and is denoted by α(G). A dominating set is a subset S of V (G) such that every vertex of V (G) \ S is adjacent to at least one vertex in S. The number of vertices in a smallest dominating set denoted by γ(G), is called the domination number of G. Recall that a k-edge coloring of G is an assignment of k colors {1, . . . , k} to the edges of G such that no two adjacent edges have the same color, and the chromatic index of G, χ ′ (G), is the smallest integer k such that G has a k-edge coloring.
In [9] , the authors were mainly interested in the study of intersection graph of ideals of Z m . For instance, they determined the values of m for which G(Z m ) is connected, complete, Eulerian or has a cycle. In this article, we generalize these results to G n (Z m ) and also, we find some new results. In Section 2, we compute its girth, independence number, domination number and maximum degree. We also determine all integer numbers n and m for which G n (Z m ) is a forest. In Section 3, we investigate the chromatic index of
In the last section, we determine all integer numbers n and m for which G n (Z m )
is Eulerian.
Basic Properties of
Let n, m > 1 be integers and Z n be a Z m -module. Clearly, Z n is a Z m -module if and only if n divides m. Throughout the paper, without loss of generality, we assume that 
By [3, Theorem 2.5], we have gr(G(Z m )) ∈ {3, ∞}. We extend this result to G n (Z m ).
Proof. With no loss of generality assume that S ′ = {1, . . . , s ′ }. Clearly, if s ′ ≥ 3, then
consider two following cases:
So we may assume that s = 2. If α i ≥ 3 for some i, i = 1, 2, then
Finally, assume that n = p
As an immediate consequence of Theorem 1, we have the following corollary.
is a forest if and only if one of the following holds:
By [3, Theorem 3.4], we find that G(Z m ) is a tree if and only if G(Z m ) is a star. Now, we have a similar result.
is a tree if and only if one of the following holds:
(ii) n = m = p 3 1 .
(iii) n = p 1 and m = p 2 1 .
By Corollary 1, we can characterize the values of n and m for which G n (Z m ) is a null graph.
null graph if and only if one of the following holds:
(i) n = p 1 and m = p
(ii) n = p 1 and m = p
Throughout the rest of this paper, we use A to denote the set of all isolated vertices of G n (Z m ). 
not a null graph, by Corollary 3, we conclude that β 1 ≥ 3. Therefore dZ m is adjacent to
This completes the proof.
Proof. By Lemma 1, we know that if n = p 1 p 2 , m = p α 1 1 p 2 and α 1 ≥ 2, then |A| = α 1 . Otherwise, from Lemma 1, we find that dZ m is an isolated vertex of G n (Z m ) if and only 
Otherwise, with no loss of generality we may assume that
is not an isolated vertex, for every j, 1 ≤ j ≤ s ′ . Also, it is easy to see that B is an independent set and so
Moreover, if C is an independent set of G n (Z m ) \ A and |C| ≥ s ′ + 1, then by Pigeonhole Principle we conclude that there exist
We denote {i ∈ S : 
Theorem 4.
Suppose that Z n is a Z m -module and G n (Z m ) is not a null graph. If
Proof
Now, assume that there is an integer j such that β j = 1. We claim that there exist some vertices adjacent to all non-isolated vertices and so ∆(
. If β j = 0, then p j Z m is adjacent to all non-isolated vertices. Otherwise, β j ≥ 2. With no loss of generality suppose that S ′ = {1, . . . , s ′ }. Let d = p
Then dZ m is adjacent to all non-isolated vertices. The claim is proved. Proof. If G n (Z m ) has a vertex which is adjacent to all other vertices, then G n (Z m ) has not any isolated vertex. This implies that n = m. By contradiction suppose that
Let dZ m be a vertex of G n (Z m ) such that it is adjacent to all other vertices. With no loss of generality, we may assume that d = p 1 · · · p t , where 1 ≤ t < s.
It is easy to see that dZ m and d ′ Z m are non-adjacent, a contradiction. Therefore α j ≥ 2, for some j, 1 ≤ j ≤ s. Conversely, if n = m and α j ≥ 2, for some j, 1 ≤ j ≤ s, then by Corollary 4, G n (Z m ) has no isolated vertex. Also, in view of the proof of Theorem 4, we find that G n (Z m ) has a vertex which is adjacent to all other vertices.
The following corollary is a generalization of [9, Theorem 2.9]. Proof. Suppose that G n (Z m ) is a complete graph. By Theorem 5, we find that n = m and α j ≥ 2, for some j, 1 ≤ j ≤ s. If s ≥ 2, then p αs s Z m and
i Z m are two non-adjacent vertices which is a contradiction. Therefore n = m = p α 1 1 and α 1 ≥ 2. The other side is obvious.
Proof. Suppose that n = p 1 · · · p s . In view of the proof of Theorem 4, G n (Z m ) has a vertex which is adjacent to every non-isolated vertices. This implies that γ(G n (Z m )) =
This yields that dZ m is adjacent to p 1 Z m . Therefore B is a dominating set for G n (Z m ) \ A. Now, we claim that G n (Z m ) has not a vertex which is adjacent to every non-isolated vertices. By contradiction, suppose that dZ m is adjacent to every non-isolated vertices. Since n ∤ d, we may assume that d = p 1 · · · p t , where 1 ≤ t < s.
In this section, we study the chromatic index of G n (Z m ). First, we need the following theorems: 
Theorem 8.
is the set of all non-isolated vertices of G n (Z m ), every B i forms a complete graph and G n (Z m ) \ A is the disjoint union of them. Therefore [4, Theorem 5.11 ] completes the proof.
Proof. With no loss of generality assume that α 1 ≥ · · · ≥ α s . Let {i ∈ S : α i = α 1 } = {1, . . . , k} for some k, 1 ≤ k ≤ s. By Theorem 4, we know that {p
the set of all vertices with maximum degree. Hence G n (Z m ) has kα 1 vertices with maximum degree. On the other hand, we know that ∆( 
Therefore by Theorem B, we find that χ ′ (G n (Z m )) = ∆(G n (Z m )). Now, consider s = 3. If α 3 ≥ 2, then it is easy to see that ∆(G n (Z m )) − deg(p 1 · · · p s−1 Z m ) + 2 is more than α 1 + α 2 + α 3 and the proof is complete. Therefore assume that α 3 = 1. There are two following cases: Fig. 3 
has α 1 vertices with maximum degree. Also, ∆(G n (Z m )) − deg(p 1 p 3 Z m ) + 2 is more than α 1 and the result, follows from Theorem B.
Case 2. α 2 ≥ 2. In this case, it is easy to see that ∆(
+ 2 is more than α 1 + α 2 and the result, follows from Theorem B.
Proof. By Theorem 4, we know that G n (Z m ) has
Since the size of a complete graph of order 2k + 1 is 2k 2 + k, if we prove that G n (Z m ), in this case,
It is easy to check that dZ m and dZ m are not adjacent. So we conclude that G n (Z m ) losses at least 
edges. It suffices we prove that k ≤ l. One can easily see that k ≤ l if and only if
)/2 − 1 edges. In this case, k ≤ l is obvious and the proof is complete.
From the above theorems, we can deduce the next result.
, unless the following cases:
2 and max{α 1 , α 2 } is odd. 4 Eulerian Tour in G n (Z m )
An Eulerian tour in a graph is a closed trail including all the edges of the graph. A graph is Eulerian if it has an Eulerian tour. By [8, Theorem 4.1], a simple connected graph is
Eulerian if and only if it has no vertices of odd degree. In this section, we determine all integer numbers n and m for which G n (Z m ) \ A is an Eulerian graph. We start with the following theorem.
Proof. Assume that G n (Z m ) is not a null graph. In view of the proof of Theorem 6, we
is not a null graph, so s = 1. First assume that s ≥ 3. By the proof of Theorem 6, we know that (ii) α i is an odd integer and β i is an even integer for some i, 1 ≤ i ≤ s.
(iii) n = p 1 · · · p s and m = p 
